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Abstract:

Detracking and groupwork are two educational practices that have been shown to have promise for affording all students the learning opportunities needed to develop mathematical proficiency. To organize productive group work in detracked, heterogeneous setting however requires the teacher to create a system where all students can participate in collaborative exchanges regarding mathematics within their groups. A case-study of one teacher’s detracked geometry class was undertaken to deepen our understanding of the role of the teacher in organizing and supporting effective groupwork in such settings. In this class, productive collaboration around mathematics became part of the daily practice of the small groups in the class. Analyses reveal four categories critical to understanding the teacher’s role and how she created a set of affordances to support within group collaborative practices.
Student-student collaboration: The teacher’s role in structuring and supporting 
productive student practice
Over the past several decades, there has been a shift in our understanding of how people learn. With the emergence (and re-emergence) of socio-cultural perspectives on learning (e.g., Lave, 1988; 1990; Vygotsky, 1978; Wenger, 1998), increased attention has been paid to the nature of students’ engagement in classes and schools. Indeed, we understand to a greater degree now that the practices in which students participate fundamentally shape their learning. Corresponding the focus shifts from attending to “inputs,” such as curricular materials and the teacher’s instructional strategies (direct instruction, groupwork), to centralizing the nature and qualities of student engagement that emerge in classrooms and understanding how inputs such as curricular materials and instructional strategies create a set of constraints or affordances (Greeno & MMAP, 1997) on students’ practices.  
Groupwork is a particular classroom participation structure that received considerable attention in the 80s and 90s and has become a standard instructional format in classrooms across grades and subject areas. When students work in groups, they have different opportunities to engage with subject matter. Relative to a whole-class format or seat work, they have more opportunities to verbalize their thinking, have their ideas questioned and clarified, and hear and respond to others’ ideas. These kinds of collaborative interactions are crucial to learning, particularly when the desired outcomes are more conceptual in nature or are related to processes such as justifying, conjecturing, representing and communicating. Collaboration of course is not an automatic product of groupwork. It arises through the interaction of myriad factors including the teacher’s careful task selection, implementation, and the development of productive norms.
The complexity of organizing such interactions within groups may be augmented when the class of students has a wide range of experiences with mathematics and demonstrates various levels of foundational knowledge in the field, such as would be found in detracked settings. Unequal participation or marginalization of some students is a threat to the effectiveness of groupwork.  
In this paper, I examine one high school geometry class in a detracked setting where groupwork was the primary instructional format. This purpose of this study was to understand how the teacher supported and sustained students’ participation in collaborative interactions with respect to mathematics as they worked in their groups on open, conceptually focused problems. To better position this study, I briefly review some of the literature on teaching in detracked settings and the literature on groupwork. 

Conceptual Framework and Theoretical Perspectives
Tracking and Detracking
The potential benefits of detracking are well documented (e.g., Burris, Heubert, & Levin, 2006), are its detrimental effects of tracking (Oakes, 1985). These differential outcomes can be linked to the rigor of the materials used, availability of high quality instruction, teacher expectations, and students’ view of self based on their placement within a tracked system. Detracking by itself may not alleviate the negative outcomes associated with tracking as there are mechanisms by which students of different initial achievement levels can be offered different learning opportunities within the same classroom. Consequently the same disadvantages can be replicated within a heterogeneous classroom. For example, as Cohen (1997) notes “Social systems in heterogeneous classrooms have the potential to recreate a new status order that reflects, at least in part, the old status order of tracking and ability grouping” (p 7). Similarly, the curricular materials used in detracked/heterogeneous settings may not allow all students access to a rich curriculum. The potential benefits of detracking can only be realized at the classroom level. As teachers work in detracked settings, there are very real challenges they face in organizing effective instruction across groups of students with such varied prior mathematical knowledge. Recent research (Burris, Heubert, & Levin, 2006) has demonstrated a key factor in maintaining prior high-test-score students’ marks while increasing the test scores of mid- and low-test-score students is “leveling up” the curriculum and offering all students the quality instruction and curriculum previously afforded primarily only to high-test-score students. Questions remain on the practice level as to how teachers can effectively manage this heterogeneity and “level up” their classrooms, affording all students the opportunity for equal participation in high-level reasoning with respect to mathematics.
Groupwork 

Groupwork has been implicated as a promising format for supporting student participation and learning in heterogeneous classes. Myriad studies have documented equivalent or greater learning outcomes when using groupwork relative to other modes of instruction (in both homogeneous and heterogeneous settings) along dimensions such as academic achievement on particular material and prosocial sentiments towards others of different backgrounds. (For comprehensive reviews, see Cohen (1994), Lou, Abrami, Spence, Poulsen, Chambers & d’Apollonia (1996), and Webb (1991).) The effective organization of groupwork is not trivial. Teachers need to select appropriate tasks that allow all students access to the mathematics; use instructional strategies that prompt participation by all students; and develop group norms that support the kinds of student-student exchanges that promote learning. Not accomplishing any one of these can exclude some students from participating in the mathematical interactions, to the detriment of their learning. 
Research has identified some consistent principles of effective groupwork. Among these is the condition that there be interdependence (goal and resource) among group members. Goal interdependence occurs when the group members must rely on one another to complete its task. Resource interdependence occurs when group members need information or resources from other group members (e.g., a jigsaw situation) to complete the task. Individual and group accountability is another condition critical for productive groupwork. 
There are other dimensions along which groupwork can vary as well, including the nature of the task (e.g., routine vs ill-structured), specificity of roles, levels of cooperation (vs. competitiveness among groups), and reward structures (which can be a particular way to create interdependence). These factors shape student-student interactions and create a different set of affordances and constraints for these interactions. The research regarding the relationship between these dimensions and student outcomes is not as definitive. In her review of the literature, Cohen (1994) reconciles some of the seemingly contradictory research findings by considering the type of learning goals. Depending on the nature of the group task/learning goal, different kinds of interactions are beneficial. For more routine problems and the learning of given information, Cohen concludes that the availability of good explanations is crucial, which generally stem from more structured patterns of interaction among group members. In contrast, for ill-structured problems (open-ended, non routine), students need latitude in their interactions to engage in the higher order exchanges required to solve such a problem collaboratively. Consequently it is necessary to avoid factors that overly constrain student-student interactions and to identify factors that support student-student collaboration within groups. 

Cohen’s own research has been on a program of complex instruction (Cohen, 1994b, Cohen & Lotan, 1997) which is a form of groupwork originally designed to address unequal status of different students in classrooms. Her research consistently finds that, for conceptually oriented, high-order tasks, issues of unequal participation among students are directly linked to learning gains. More specifically, the frequency of interactions and contributions of a student is predictive of his or her learning gains. (Note that this finding does not hold for lower-level thinking tasks.)  
Supporting these higher order exchanges within groups is a challenging prospect for teachers. Cohen (1994) highlights the core of this issue:

Herein lies the dilemma: If teachers do nothing to structure the level of interaction [among group members], they may well find that students stick to a most concrete mode of interaction. If they do too much to structure the interaction, they may prevent the students from thinking for themselves and thus gaining the benefits of the interaction. (p 22)

In conjunction, Cohen (drawing on Barnes & Todd (1977) and others) points out that supporting more exploratory and collaborative talk requires the delegation of authority. The teacher cannot directly monitor the groups’ work, as this impedes the very talk that is productive. 

The nature of the desire interaction can be described using various terminologies. Collaboration is one term which captures the idea that students are actively working with other students’ ideas and the group is developing new understandings of mathematical ideas as they interact. Collaboration implies an exchange of ideas, where all individuals can make a contribution and the ideas of all individuals are valued. Another term in the literature is accountable talk (Chapin, O’Connor & Anderson, 2003). In accountable talk, there are rights and responsibilities. All students have the right to hear the speaker, ask questions, agree or disagree with the speaker and share his or her own idea. At the same time, each student has the responsibility to ask if he/she does not understand and to offer an explanation to any one who requests one. These two terms capture different aspects of the student-student talk. Together they characterize the nature of the desired interactions. 
Despite extensive research on groupwork, teachers continue to struggle to organize effective groupwork in their classrooms. The analysis presented here seeks to inform the issue outlined in Cohen’s “dilemma” in a detracked setting. It demonstrates how one teacher structured and supported collaborative interactions among students as they worked in heterogeneous groups on open-ended problem solving activities in a detracked geometry course. An assumption motivating this study is that one factor limiting teachers in their efforts to use groupwork, despite the extensively documented benefits, is a lack of understanding of the resources available to the teacher (pedagogical and otherwise) to support effective groupwork in the classroom and more specifically, to do so with an eye towards organizing collaborative talk among group members – a condition that has been connected to conceptual learning gains. 

Instructional Triangle

As a conceptual tool to understand the learning afforded in a classroom setting, I use Ball’s (Cohen & Ball, 2000) “conceptual triangle.” The vertices of the triangle represent the content (curriculum), teacher and the students. Learning then is significantly structured by the interrelationships among these three components (figure 1). 
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Figure 1. Ball’s Conceptual Triangle
The primary role of the teacher can be understood as productively affecting the student-content relationship. It is the students’ engagement with the content that ultimately influences the learning outcomes. In a situation where groupwork is extensively employed as an instructional strategy, the teacher is not just influencing the relationship between student-content, but aims to affect how students work together around the content, that is, the student x student–content relationships. The teacher is necessarily limited in her direct contact with students as they work on the content for two reasons. First, direct interaction is likely to limit the group’s collaboration and the ways its members explore the mathematics together. Second, it is a practical impossibility, as there are multiple groups in the classroom and the teacher must attend to each of them. Thus, much of the teacher’s influence on how students’ interaction around content, and scaffold one another’s engagement with the material, will be indirect. 

This analysis focuses on the influence the teacher has on the student-student interactions around mathematics as they work in their groups (student x student – content relationship). (See bolded arrow on Figure 2.) This is not to imply that this facet can be fully understood in isolation, nor does it negate the importance of the reciprocal influence of the students or curriculum on the teacher. (For example, extensive research documents the important of the teacher’s selection of appropriate tasks (teacher-content)). Rather, given the complexity of organizing student-student interactions around mathematics, it is useful to focus on the particular nature of the teacher’s work in influencing their mathematical engagement and to try to understand how they are organized. 
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Figure 2: One aspect of the teacher’s role: influencing student-student interaction around content
My inquiry was guided by the following two related questions: 

1. How can a teacher structure and support collaborative interactions among heterogeneous groups of students as they work on open mathematical tasks? 
2. What resources and strategies are available to a teacher to shape these interactions indirectly?
Data Sources and Methodology
Participants

The teacher, Linda McClure, was a white female in her late twenties with three years teaching experience. She was highly committed to issues of equity and she was committed to groupwork as an effective means of educating students. Ms. McClure was observed the semester prior to this study, along with approximately 10 other teachers who were recommended based on reputation as teachers who consistently organized collaborative interactions among students during mathematics lessons. She was one of three teachers selected based on these preliminary observations to participate in the study. Ms. McClure is the focus of the analysis presented here as she used groupwork almost exclusively as an instructional format in her classes. 

The focal class comprised 31 10th-12th-grade students, though the size varied from 36 to 30 over the course of the term. The population of the class reflected the racial diversity of the school which was approximately 20% Asian, 25% White, 25% Black and 35% Hispanic/Latino (www.cde.ca.gov, retrieved December, 2000). During classtime, students were always arranged in groups of four or five. Groups rotated approximately every two weeks. All students gave permission to participate in the study. 
Context
The focal geometry class was situated at Railside School, a California urban high school of 2400 students from various ethnic, linguistic and socio-economic groups. The Railside mathematics department had detracked their program in the 1990s in response to low student achievement and racial tensions at the school. The school used a form of block scheduling and the class met daily for one-and-a-half hours for one semester.
The mathematics teachers had developed a unique approach to teaching mathematics. The curriculum for the geometry course had been created by Ms. McClure and her colleagues specifically to support student groupwork in their heterogeneous classrooms. They grounded their work in Cohen’s program of complex instruction, in which many of the teachers had explicit training, and used as resources various materials including NSF-funded curricular materials (e.g., College Preparatory Mathematics). Evident in the curricular materials was a heavy emphasis on problem solving and developing mathematical understandings through problem solving (Schroeder & Lester, 1989). The tasks were “groupworthy” (see Horn, 2002, 2005) which meant that they focused on core mathematical ideas and were characterized multiple representations, multiple solution paths, and likely draw on the various collective resources of a group (Horn, 2005).
The value and productiveness of the Railside teaching approach for student mathematics achievement and attitudes towards mathematics has been documented extensively by Dr. Jo Boaler as part of the Stanford Mathematics Teaching and Learning Study (SMTLS) (Boaler, 2003, 2006, in press; Boaler & Staples, 2008). Railside was one of three schools participating in this study. Boaler found that, although students at Railside entered 9th grade performing significantly lower than students in other teaching approaches on an assessment of middle school mathematics, by the end of the first year, there were no significant differences between the scores across the approaches. This trend – where Railside students performed equally well or outperformed the other students –continued across the students’ high school careers. In addition, the inequities between the achievement of students of different ethnic groups at Railside decreased over time. Data for this study were collected concurrent with the first year of the SMTLS, although these 10th-12th grade geometry students were not part of the study cohort, who were primarily incoming 9th-grade students in 2000-2001. The SMTLS students experienced the same teaching approach and curricular materials, barring minor revisions, in the next years. Thus, this classroom provides an important opportunity to further our understanding of how teachers foster and sustain productive groupwork among a heterogeneous group of students.

Data Collection and Analysis
Multiple data sources were used in this study, including over 50 hours of videos of classroom lessons; fieldnotes and reflections from lesson observation; curricular documents and materials; student interviews; and formal and informal interviews with the teacher. Data was collected during the first semester of the 2000-2001 academic year. The analysis presented here draws primarily on the video data and fieldnotes of lesson observations.
Data analysis proceeded in two phases. In the first phase, fieldnotes were coded for emerging themes in relation to the research questions. These fieldnotes comprised documentation of the lessons (content, tasks, major segments), reflective notes on lesson events and emerging themes, and records of conversations with Ms. McClure regarding the class and the mathematics program. This analysis was conducted concurrent with the fieldwork, thus providing the opportunity to compare and refine emerging patterns against subsequent classroom events. 

In the second phase, a total of 10 focal lessons were selected for detailed analyses of lesson transcripts. Four of lessons were chosen because the video recordings had significant periods of time when the camera was focused on a particular group, as opposed to following the teacher. In this manner, the students’ interactions that took place when the group was not under the direct influence or purview of the teacher could be analyzed, as could the influence of her interactions with the group when she directly worked with the group. Using the coding from fieldnotes as a basis, the four focal videos and transcripts were analyzed for specific factors that seemed to influence and shape student-student interactions in a manner that supported the small group collaboration around mathematics. 
The other six lessons were randomly chosen pairwise (two consecutive recorded lessons) to provide additional data about the nature of students’ interactions, the organization of the groups, and how the teacher supported these groups so that members productively engaged one another in mathematics. Segments related to students’ collaborative work were transcribed and analyzed to further the analysis of how the teacher organized effective groupwork among this class of geometry students. An analytic memo regarding the teacher, learning and norms observed in this classroom was prepared by the research and a graduate research assistant. Two additional videos were selected to review for disconfirming evidence.
In the final step, the findings were considered in light of the literature on heterogeneous groupwork. This led to the further refinement of categories, as the literature pointed to particular aspects of groupwork that were critical to make well functioning groups. The results are organized into four sections, as reported in the next section. 
Results

One of the remarkable aspects of this class was that the groups consistently functioned well. The students in a group regularly engaged in collaboratively mathematical problem solving activities, sustained their work even when seeming to make little progress, and communicated their mathematical ideas with one another. There were very few instances documented in the research where the students could not or would not communicate about the mathematics and make progress on the task.
The critical piece of productive groupwork is the nature of student interactions regarding the mathematics, and specifically, groupwork must support collaborative interaction with respect to mathematics. As discussed earlier, for non routine problems and for the purposes of developing higher-order thinking among students through groupwork, it is imperative that students be given latitude, and the support, to explore the mathematics. Ms. McClure then needed to be able to provide enough structure to student interactions that this kind of talk was supported, but to do so in a manner that did not overly constrain or restrict their engagement with the mathematical ideas. Such an approach is also an important part of delegating authority, which Cohen also identifies as critical. 
Four categories emerged as critical for understanding the teacher’s role and how she created a set of affordances to support the requisite collaborative inquiry practices among students within their small groups. These categories are the following:
1. promoting individual and group accountability and responsibility 

2. promoting positive sentiment among group members

3. supporting student-student exchanges with tools and resources

4. supporting student-student mathematical inquiry in direct interaction with groups 
These will be referenced to as: 1) the accountability system, 2) positive sentiment, 3) tools & resources, and 4) teacher-group interaction. Note that the first and third categories are prominent in the literature on groupwork, and in particular, on complex instruction. The second and fourth are not as frequently discussed. Each of these four categories significantly shapes the nature of interaction in the small groups and creates a set of constraints and affordances for the students’ interactions. The first three entail “remote levers” the teacher can use to influence the group’s interaction within a system that must delegate authority. None requires direct teacher interaction with individual groups, except one component of the accountability system as it is implemented in this classroom (discussed below). The fourth category differs in that it describes the nature of the teacher’s direct interaction with the groups. The aspect of teaching described in number 4 however still aims to highlight how the teacher shapes group interactions when she is not present as it emphasizes how the teacher interacts with the groups (short duration) in a manner that sets the stage for the group’s subsequent work (done without direct supervision).
For each of these four categories, I describe the relevant aspects of the teacher’s work and how these aspects prominently shaped the students’ interactions during group work in this heterogeneous, detracked classroom.
The accountability (and responsibility) systems 
In Ms. McClure’s classroom, the accountability system played an important role in promoting individual and group accountability and responsibility among students for a) learning mathematics and b) supporting each other in learning mathematics. As will be seen, various aspects of this accountability and responsibility system promoted group interdependence, a feature identified as critical in productive groupwork (Cohen, 1994). This category comprises almost exclusively indirect ways that Ms. McClure shaped the nature of students’ interactions around mathematics. 
Formative/Informal Assessment System. Ms. McClure fostered mutual accountability and responsibility by providing extensive verbal feedback on the nature of interactions she observed. In every documented lesson (barring those that took place in the computer lab), Ms. McClure used talk as a feedback mechanism, highlighting practices she wanted to see and providing information regarding the degree to which she saw these practices being met. This feedback often came as students started their groupwork on a new task. For example, as Ms. McClure moved around the room, typical comments she made included:
“I like how group 5 is putting the picture in the middle of the table to do the problem. That way everyone can see the pictures.” [8.30.00]

“Group 8 is reviewing already. Thank you group 8.” [9.06.00]

“Group number 1, you are jamming today. Thanks for your hard work!” [9.14.00]

Ms. McClure used this kind of talk because she believed that if she made clear to the students what doing good work was, they would enact those practices. “If I make explicit what is doing well, they’ll act it out” [interview 8.29.00]. Her verbal commentary made salient productive practices being conducted by various groups. Though it was potentially only one or two groups doing that type of work at that moment, her naming amplified the practice and sanctioned it as appropriate. This in turn influenced norm development and the work of the other small groups, focusing their attention on desired practices for their collaborative work. On occasion, Ms. McClure did note a negative practice, but generally in a friendly tone, for example: “Oh no, slow start over in Group Se-ven.” In this way, she communicated what she was displeased with, as well as the general nature of interactions to which she was attending. She also provided space for the students to self-correct. Notice that this influence was accomplished without Ms. McClure being overly directive or invasive.
In a similar vein, at the end of classes, Ms. McClure frequently brought the group together and debriefed class. In addition to commenting on the mathematics, it was not uncommon for Ms. McClure to comment on the class’s participation that day. Often there was high praise for their engagement, persistence, and good mathematical thinking. When appropriate, Ms. McClure might comment that she saw a little too much non-math chatting or too many people unnecessarily out of their seats. For example, one typical comment was the following:

“I loved the work I’m seeing. Many of you are really thinking hard about how to approach the problem and coming up with great ideas. I’m a little concerned however that not everyone in the group is together always. Sometime a group member is being left behind. Groups, be sure everyone understands what’s going on. And everyone, be sure you ask questions!”

This verbal commentary provides a feedback loop to influence the norm development and the nature of interactions among students within the group without overly constraining or structuring their interaction. They were expected to monitor and regulate their interactions. The comments focused on group processes and the kinds of participation they were responsible for in the class.
Formal assessment system. The formal assessment system emphasized individual and group accountability and also fostered interdependence among group members. Ms. McClure administered both a group test and an individual test to students. The group test was given first, and students worked collaboratively in their groups discussing and solving the problems. Each student had his or her own paper. Ms. McClure collected all four papers and randomly graded one of the four. The mark for this paper was the grade for the group. Generally a few days to a week later, students took an individual test on the same material. It was expected that, in part, the group test could serve as an opportunity to review or solidify the mathematics of the unit for individuals.

This system promoted both mutual accountability and interdependence among the group members. The individual’s work on the group test was consequential for the group as a whole. Consequently, at minimum, there was an incentive for each individual to record all of the correct mathematical work as that student’s paper might be marked. Given the upcoming individual test, as well as the norms of the classroom, this structure also promoted exchanges aimed at ensuring that each individual understood the mathematics. Each student knew that s/he had the right to request explanations and fully comprehend the material. (Furthermore, the length of the test was such that it permitted time for discussions.) Each group understood that it had the responsibility to support the learning of individual group members and was obligated to offer explanations and justifications when requested. Note that the combination of the group and the individual test, graded in the particular manner described, created a system that encouraged collaborative interactions around the mathematics and supports the participation of all students. This effect was not localized only to the testing situation. As students were aware of this structure, this meant that throughout the group’s daily work together, they knew that eventually they would be held accountable as a group for knowing the material well. 

A second form of assessment was group quizzes. There were two different forms of group quizzes. Content-focused group quizzes were used regularly during classtime. Ms. McClure announced, as the task was launched, that she would be around to quiz groups on particular problems, or she would have marked on the task a particular problem that the groups would be quizzed on (with a blank space for her to write in a score). When the group had completed the indicated problem and felt ready for the quiz, they called over Ms. McClure. Sometimes the member was chosen randomly (through shuffling papers) and other times the speaker was her deliberate choice. The group received points based on this student’s response. The student had to explain how the group solved the problem and answer Ms. McClure’s follow up questions. If the student could not satisfy Ms. McClure’s probing questions, she would tell the group to talk about the problem a little more and that she would come back to quiz them again. Sometimes Ms. McClure returned multiple times to a table. (Note that through the classtime – not just during quizzes - Ms. McClure regularly emphasized that she wanted all students to understand. When it became apparent that not all group members did understand, she would request that the group members talk and, when everyone understood, call her back over.) 
This quizzing practice encouraged students to interact with one another around mathematics and engage in collaborative interactions that would lead to enhanced mathematical understanding. It was observed that when Ms. McClure left a group to think about a problem a little bit more, the response of the group was to talk about the mathematics and work with the student who needed more support to fully comprehend the problem. Of central importance was the nature of the questions that Ms. McClure would ask. It was these questions to which students were being held accountable. These were higher level questions that required justification or clear articulation about a concept and related ideas. Given these questions, and her probing follow up questions, in order to successfully respond, students needed to know far more than procedures or an instrumental explanation. 
This quizzing practice created interdependence among the group members in this activity. As they all received the same score, it in each member’s interest to be sure that every other member of the group knows how to do the problem and is participating in the manner productive to groupwork. For the content-focused quizzes, all members of the group understand the problem. No one member can accomplish this alone. There is a necessary interdependence.
The second form of quizzing was process-focused group quizzes, which served as another powerful tool for structuring collaboration without constraining interactions. For such a quiz, Ms. McClure put up a blank overhead and listened to the groups as they worked together. She wrote partial quotes or comments that she heard, indicating the group number, to capture what they were doing. If Ms. McClure evaluated what she observed as positive, she wrote the student comment up in one color (e.g., blue), whereas if it were evaluated negatively and not seen as productive for groupwork, she wrote it up in another color (e.g., red). At the end of the class, she assigned each group a score based on her recorded observations.

There were other forms of feedback Ms. McClure used at the group level that also contained individual accountability. For example, each day, the students were given a classwork mark of 1 to 5 points. For the most part, the groups earned full credit. However, if there was a group that was off task or clearly not making reasonable progress, Ms. McClure would mark the group down on this aspect. It did not matter whether it was one person whose behavior was disrupting the group’s progress; the group was responsible for doing its work. (Individuals could be marked down if the individual was not prepared with homework or their supplies.) 

It is perhaps helpful to contrast this to a classroom where students are arranged for groupwork, but the assessment system is an individual one. In this case, the individual need only have the goal of promoting his own understanding to get a good grade. Explaining to others is not necessary. There is less incentive for group members to respond to an individual’s request for an explanation as well as less incentive to initiate an explanation to another even when not requested. There is a fine line, however, in creating interdependence among group members, as this interdependence can produce intra-group tensions especially if it is perceived that one member is causing the group not to succeed. This issue is discussed further in the next section on fostering positive sentiments among group members.
Positive sentiment
Another important aspect of supporting productive groupwork was fostering positive sentiment among group members. Positive sentiment helps to promote and sustain students’ engagement with one another. One of Homans’ (1959) central tenets is that sentiment is expressed through activity. “All sentiment seeks expression in action, and if the action is rewarding it will be repeated” (p 118). Thus if a group of students has positive experiences working together, the students will subsequently seek out similar interactions with that group. Conversely, if negative sentiments arise through interaction (perhaps because the group is unsuccessful), then the group will be averse to future interactions. 

Positive sentiments can result from a wide range of group activities. In a classroom, a group may find a sense of accomplishment after completing a challenging task, take pride in their group product, inherently enjoy working with one another, or be pleased by an ‘A’ grade. For the purposes of this analysis, I highlight the ways that positive sentiment among group members may have been promoted because of structures or strategies used by Ms. McClure.
The role of positive sentiments are perhaps particularly important when dealing with open-ended tasks that can occasion situations of frustration for students, as students are really being pushed to work out new ideas and press through uncertainty or confusion. Particularly as the assessment system links the performance of one individual to the score received by the group (group quizzes; group tests; daily classwork), there is a real possibility that an individual’s suboptimal performance may cause other group members want to place blame with the individual, particularly if other group members perceive that the group would have done better if another person had responded, or if the individual is not putting in the necessary effort. Such situations can lead to negative sentiments that can have a damaging effect on a group’s desire to interact with one another. Although it might cause the group to redouble its efforts to support each other, it can also cause group members to shut down or not listen to all other group members. 
Ms. McClure afforded groups opportunities to experience positive sentiments that resulted from their work together. First, although not a focus of this paper, Ms. McClure what quite skillful in selecting and engaging students in tasks that were appropriately challenging for them, but that they could complete with reasonable effort. In part, the tasks often lent themselves to product differentiation, whereby a wide range of mathematical solutions (of varying levels of sophistication) were deemed quality work. In addition, these tasks could not readily be done by one student and so drew on the resources of many group members. Consequently, members of a group likely saw their accomplishment as a result of interaction with their group.  
A second way that Ms. McClure helped maintain positive sentiment as group members interacted with one another was by giving the groups control over deciding when they were ready to demonstrate their understanding on a group quiz. Ms. McClure rarely interrupted their work unsolicited. Ms. McClure made this practice clear on the second day when Ms. McClure explained how group quizzes worked to the class. She used the example of her approaching a group to ask if they were ready for a quiz.
“But you guys have the option to tell me, ‘Wait Ms. McClure, come back in three minutes. We need to review a little more.’ And I’ll honor that without taking off points, so it’s all in your hands.” 
This practice was part of a system where there was a high chance that the group will turn in a good performance and be judged positively. A group presumably would not call Ms. McClure for a quiz until they felt they were ready. In addition, Ms. McClure deducted only 1 point out of 10 if the chosen student could not answer the first time and she had to return to the group to quiz again. This meant that a non-optimal initial performance had minimal negative consequences, and the group had another chance to demonstrate understanding. 
These structures made likely the group’s success on the quiz. Note that Ms. McClure did not support success on quizzes by having low standards of what is acceptable mathematical practice. An important component in the effectiveness in this set up was Ms. McClure’s willingness to return to groups and how Ms. McClure responded to quiz responses that do not meet the desired standard. Through questioning, if she became aware that (at least) one group member did not fully understand the problem yet, she positioned this as a transitory state, and sent the group back to work. She did not identify the performance or response as incompetent. Rather, her position was that the group was still working towards understanding and being ready for the group quiz. Throughout her teaching, Ms. McClure treated the state of not understanding as a transitory state. She always valued what the students did know and demonstrated, thus validating the individual who had responded, but also indicated where they should continue to keep thinking.
Finally, Ms. McClure was genuinely excited and enthusiastic about the ideas that a group generated. She expressed intrigue in their formulations and positively reinforced strong efforts and good thinking, even when the problem did not fully yield to the group. Their effort was valued highly. Along this dimension, all groups had the opportunity to be highly successful. 

The group members’ positive sentiment towards one another has an indirect, but potentially very significant, impact on the nature and quality of interactions among group members. Such sentiments prompt interactions that are “above and beyond” the “letter of the law” in the classroom. They are more likely to extend an important conversation or persist on a challenging problem, having found the group success in its prior collaborative work.

Tools and Resources

Tools are practices or objects (both physical and conceptual) that support a group in accomplishing its work together (Wenger, 1998). The particular tools available to a group, or those tools whose use is required, create a set of affordances that groups can draw upon to interact with one another as it pursues its goal. Similarly, resources are affordances that can be used to support the group’s work. In this section, I focus on two tools and resources that figured prominently into the group’s work together: the physical space and group roles.
Structuring the physical environment. Ms. McClure supported small group collaborative work by structuring the physical environment and making it conducive to the nature of their work. The desks in the classroom were arranged in groups of four or five to provide some physical space that belonged to that group. When introducing a new activity, Ms. McClure asked groups to clear their tables of all backpacks, books, etc. This practice set up a physical space accessible to all students and provided a common work area. For example, on the first day, Ms. McClure was very explicit about having students clear their desks, explaining “I want you to have lots of space because you will have to talk in the middle.” 
This phrase “in the middle” was used repeatedly by Ms. McClure. It focused students on the fact that there was physical space in the middle of their table where they should work together on the mathematics. She would often go around after handing out the problem and put scrap paper in the middle of the table and draw students’ attention to the paper in the middle for their work. Her act of placing paper in the middle of the table helped to move students away from the mindset of an individual working at their own desk to the group working on the problem in the middle of the group’s table. She also reinforced this idea during lessons. In this brief excerpt, one student, Paj, has just offered an explanation.
LM:  But why do they both work?  Danesha, did he convince you that they both work?

P:   They’re the same thing, just put in different words.

LM:  Could you show your group members that they are the same thing, but put into different words?

P: (inaud)  

LE:  Oh, puh-lease. Maybe you have to try defining better. You know, that’s why you have this big piece of paper in the middle, so you can talk about it. And when you can convince them, I want to hear it.  She leaves the group to discuss. 

This excerpt demonstrates both the importance of the space in the middle for supporting the groupwork as well as how Ms. McClure maintained the task goal of requiring that all students understand. 

Another way Ms. McClure created common points of focus within the workspace was by handing out only two assignment sheets per group of students. Ms. McClure did this to make it difficult for students to individually pull away from the group and work on their own. She also frequently had one of the two sheets in a plastic slip cover. She told students that she needed the papers again the next year, so she wanted only one written on. Ms. McClure explained to me however, that although she kept some sheets the same, she generally changed the activity sheets from year to year, so the plastic slip cover served more as an excuse to get them all to focus on one paper and encourage them to work together. Ms. McClure’s organization of their physical environment made certain behaviors and interactions more likely. It limited the students’ ability to work individually and collectively created one workspace—the area on the non-laminated handout sheet. 

Student roles. Assigning student roles is a standard strategy for supporting the work of a group. The roles used in this classroom were taken from complex instruction: team captain, materials manager, reporter/recorder, and facilitator. These are social roles that have ramifications on the nature of the interaction of the group. Depending on the exact task, there responsibilities for the specific role would vary. In general, however, the team captain was to be sure the group stayed on task; the materials manager got any necessary supplies and returned them; the reporter/recorder was in charge of recording the ideas of the group; and the facilitator was responsibility for making sure that all voices were heard and checking in with group members to be sure they understood.
These roles had a significant influence on how the group carried out its collective work together. Team captains were observed telling their peers to stop chatting with the next table, as well as reading the task out loud as the group began; materials managers were observed getting supplies, extra markers, and putting items away at the end of class; reporter/recorders were observed writing responses to be shared with the class on an overhead; and facilitators were observed asking group members if they understood or if there were any questions. In this excerpt, Ms. McClure restated the roles and indicated specifically how those roles will play out as they discuss the homework problems due that class period.
And of course you’re going to use your roles. Team captain, you’re going to be sure that there’s no direct copying. If I see direct copying, those papers go away. Zero points. Facilitator, you’re going to make sure that all the answers are compared. That could be reading out loud, that could be papers in the middle. . . . Materials manager, you have the most important job. You’re job is to make sure that all discussions happen in the middle of the table if there’s a question. So suppose that in this group, (inaud) got one answer and Canema got something totally different, it’s the materials manager responsibility to make sure that gets discussed and that everyone agrees in the end. And lastly, recorder/reporter, you’re going to keep track of time. So if I say 2 minutes, you’re going to make sure your group is ready in 2 minutes. And you’re also going to tell me the questions your group absolutely has to see on the board. Once again, you don’t have a question unless the whole group is stuck. Otherwise you can say, “no question, we get it.” Any questions on how to do this?

From my analyses, the role (and role procedures) most significant on the group’s interactions with respect to mathematical inquiry seemed to be the materials manager. The materials manager was delegated the responsibility of raising his or her hand to ask any “group questions.” A group question is a question the entire group has – everyone in the group is aware of the question and no one in the group can answer the question, thus it is a question for every member of the group. Ms. McClure regularly noted that she would only entertain group questions. 
This technique was effective in helping to structure student-student interaction and group collaboration because it made necessary group interaction around that specific issue prior to asking the teacher about it. For example, during one lesson a group of five students was working on a warm-up problem. Three of the group members were working well together, and two boys seemed to be a little more on the fringes. These two boys were English language learners which could have been a contributing factor. One group member identified a question as a group question and wanted the materials manager to raise her hand. As the materials manager raised her hand, one group member asked the two fringe boy is they had heard the question. They responded no. The question was repeated for them, as the group knew that Ms. McClure would ask any one of them what the question was and would only respond if it were a true group question that all understood and none could answer. Hearing the question, one of the boys answered and the group continued on with its work after a little more discussion about that point. This interaction would not have occurred were it not for the system that Ms. McClure had put in place. 

Ms. McClure was quite consistent in enforcing this practice of asking a group questions, although there were a few occasions that this was not strictly followed. To reinforce this practice, when she responded to the materials manager’s raised hand, Ms. McClure asked the group directly “is that a group question?” or she asked someone in the group what the question was. If the person Ms. McClure asked could not state the question, or if the group indicated that they did not yet know if it was a group question, she would prompt them to ask the question to the group first and then depart, commenting that they could call her back over when they had a group question. 
It is important to restate that for the purposes of promoting high-order thinking and non-routine problem solving, which were required by many of the tasks in this geometry class, Ms. McClure needed to provide a structure for their interactions, but not overly constrained in their interactions, allowing them to engage in collaborative and exploratory talk. Not enough structure might have led to inequities in interactions or a pull towards more individualized work. Too much structure would have hindered their collaboration.
Teacher-group interaction 
Thus far I have focused on the ways that Ms. McClure supported the students’ work on the mathematics without interacting with the students around the mathematical ideas themselves. Interacting with students around the mathematics is of course a fundamental part of teaching. By delaying the discussion of this component to this point, I hope that the reader has gained a sense of the strong system that is in place in the classroom that helped to structure the group’s interactions around mathematics when the teacher is not physically present. Although she might reinforce the idea of working in the middle when she interacted with a group, the importance of this move was to shape their interactions and ways of work when she was not presented and directly monitoring their activities. I will now describe one aspect of the teacher’s interactions with students around mathematics, namely, how she worked directly with students and their thinking, most often in response to their group questions. This section continues the discussion of how the teacher supported student-student “interaction, mutual exchange, and elaborated discussions” (Cohen, 1994, p 20).

One noticeable feature of Ms. McClure’s interactions with groups was her choice of when to leave a group. When interacting with a group, Ms. McClure generally first listened to understand what the group was thinking. Next, she  helped them gain more clarity on their point of confusion or focused their attention on an aspect of their logic that was incomplete. For example, in one lesson (12.12.00), students were working to prove that the quadrilateral created by bisecting the angles of a parallelogram was always a rectangle. One group called Ms. McClure over and shared their thinking. They correctly explained that there are four congruent angles created by bisecting opposite angles of the parallelogram, but were making some assumptions in claiming that opposite sides of the new quadrilateral were parallel. They have referenced alternate interior angles as part of their explanation. Ms. McClure responded to their explanation. 
LM:  You’ve proven that [the two pairs of angles are congruent] to me, but your argument for why those lines have to be parallel, I am feeling a little lost on.

S1: 
Well also, so this, so this is aa, and this is aa, and when you (inaudible) do it the same kind of thing. And then, I’m sorry, this is b, b, b, b.  And this is b.

S3:  
Because, because they’re the same angles, like over here to over there, because it’s the same angle, it’s going to set these lines the same angle apart.

LM:  So, if you can show to me that they are alternate interior angles, then lines are parallel, then that’s cool. If you can show me that they are corresponding angles and they’re equal, then the lines are parallel. So, you guys are definitely on the right track, but you’re going to need a few more angles to be able to say that they’re parallel. So look for them. You guys are definitely on the right track.

LM leaves group. Group continues discussion.

S2: 
Pointing to a figure in the middle of the table You see this triangle right here and this one? Then there’s this one in here without this line and then there’s this one in here without this line. … 
In this brief segment, as is typical of many interactions with groups, Ms. McClure listened to the group’s argument, asked a question to identify a place that needed further elaboration, listened to students’ initial responses to the question (in part to be sure they understood what she was raising to their attention; in this case S3 offers a reasonable, but informal argument), and then indicated the line of thinking they needed to continue to pursue to complete their proof. As in this excerpt, Ms. McClure often included a statement that provided some encouragement or demonstrated her excitement over their thinking. Note that Ms. McClure did not remain with the group to help construct the needed justification. This work was for the group to do without her. With this move, Ms. McClure supported the group in moving beyond their current position, but then allowed them to continue the conversation unconstrained by her presence. 
The duration of this interaction, which may feel a bit abbreviated to some readers, was also important because there were eight groups in the room, and so it was necessary for Ms. McClure to manage her time so that she could get around to all the groups and support their work. As she left one group, there was almost always another group with a hand raised to either ask a question or to demonstrate their understanding of a particular problem. 
A corollary to the above-described interactions was that Ms. McClure supported each group in its own process in engaging the task. Her manner of interacting with each group respected each of the groups’ intellectual journeys. She did not impose an approach, nor suggest approaches she thought would be easier or more efficient. Her feedback was primarily in terms of responding to and extending their thinking. In the case where a group did not have an idea even several minutes into class, she would continue to let them think and not interfere. She felt that this was important to develop in students a disposition to be persistent and to keep thinking about a problem. If she intervened and offered some ideas, they would come to expect this kind of assistance after a few minutes of non-visible progress. Ms. McClure’s approach established the norm that groups were responsible for generating ideas and solving a problem. In the uncommon circumstances where groups were not making progress for a significant period of time, Ms. McClure would engage the group to see if she could draw out or prompt some generative discussion, and was at times a little more directive in moving them towards a particular path of problem solving. 

Along with this approach whereby she prioritized having groups identify their own journey through the problem, Ms. McClure might repeat a similar conversation with multiple groups. For example, in early September, the students were working on one of their first proving tasks where they had to decide which of two different representations of the area of a trapezoid were correct (or both) and explain how they knew. Many groups’ initial effort was to assign the various variables numeric values and demonstrate that the two representations produced the same numeric result for the area. With each of these groups, Ms. McClure had a discussion about whether showing that one, or even two, three or four, sets of values “worked” could prove the equivalence of the two representations for all trapezoids. She chose not to stop the group’s work and address the issue at the board in a mini-lesson for the whole class. Such an approach would seem like a reasonable and more efficient strategy given that it was common across several groups. When asked about this choice, Ms. McClure responded that she felt it was most effective to address a mathematical issue with the group when they ran into it. If there was an attempt to explain it before they ran into it themselves, it would not have the same meaning for them and she could not be as responsive to their particular way of thinking about it. In addition, she did not want to interrupt the groups’ work. She felt it was best to give them sustained time to think, and not set a pattern where she would interject or “rescue” them if they were faced with a challenge.
An important aspect of the group’s work together was that there was often not an identified “endpoint” that the group had to arrive at, or number of problems they needed to complete. It was not expected that all students would have an understanding of a specific method or get through the same set of problems on an activity sheet. For example, in the trapezoid lesson noted above, after the groups had time to work, Ms. McClure had three groups present their solutions to the class at the overhead. The first group showed the “plug in” method, using two sets of numeric values; the second group showed a geometric proof whereby they demonstrated how each formula described the area of the given trapezoid (mapping components of the formula to the figure); and the third group offered an algebraic proof to demonstrate that the two formulas were algebraically equivalent (which demonstrated that either both methods were correct or both were incorrect). These approaches were all valued as productive mathematical work done by the groups. Ms. McClure also engaged the students in a discussion of what each method did and did not demonstrate and she explained a bit more about what a proof is. Ideas in this discussion were picked up in other lessons as they continued to work on the notion of proof.
Ms. McClure’s approach gave groups the necessary latitude to engage in higher-order and exploratory thinking. Ms. McClure did not put push students towards a particular solution or method, which might constrain their talk (and thinking) and place unwarranted value on one particular method over others. Her approach may be particularly important in a heterogeneous class as it supported a form of differentiation (product differentiation) that both resulted from and appropriately supported the heterogeneity of her students’ prior mathematics background knowledge.
  
It is important to recognize that the classroom system created by Ms. McClure was a complete and coherent system. One aspect of it did not undermine other aspects of it. In particular, the system supported, not undermined, student-student interactions in the group around mathematics. As there was no pretense that all students would end up in the same place, nor that a student’s or group’s grade relied upon completion of a pre-identified set of problems, the notion of “getting there first” (wherever there might be) was not a prominent incentive. Ms. McClure’s teaching approach and assessment system allowed for this variation. This approach also fit with her understanding of how students learn: they will learn in different ways at different times. 
Discussion and Conclusions

In this paper, I have presented an in-depth analysis that aims to illuminate one teacher’s instruction of a heterogeneous geometry class in a detracked mathematics program. This classroom evinced high levels of student participation and effective groupwork. Such examples that detail the teacher’s role are not common, particularly on the high school level. In this analysis, I centralized the importance of the nature of student-student interactions with respect to mathematical ideas. Specifically, to foster learning opportunities and outcomes related to conceptual understanding and problem solving (and not just procedural fluency), students needed to work within a system that afforded them opportunities to collaborate and explore mathematical ideas. They needed opportunities to conjecture, justify, reason, represent and evaluate arguments. This study identified four aspects of classroom life related to the teacher’s role that were significant in shaping student-student interactions. These were 1) the accountability system, 2) positive sentiment, 3) tools & resources, and 4) teacher-group interaction. 
Reflecting on the teacher’s role and these categories, there are two main themes worthy of additional commentary. First, much of the teacher’s work can be understood as promoting interdependence among students within a group. Indeed, this is a characteristics identified in the literature that is necessary (though not sufficient) for productive groupwork. Aspects of this classroom that promoted interdependence included the formal assessment system, the use of roles, feedback and supported the growth of positive sentiment, and the teacher’s ongoing interactions with groups that reinforced the importance of all group members understanding a problem and being able to explain it. Second, many other aspects of the teacher’s work can be understood as promoting the kind of discourse conducive to developing higher-order thinking skills and conceptual understanding. Aspects of this classroom that promoted such discourse included the questions the teacher chose to ask during quizzes, the group roles, physical workspace, and the ways Ms. McClure approached and the group (offering them uninterrupted space to think) and left the group (requiring them to continue to wrestle with the mathematical ideas after she helped them identify a point of confusion or a line of thinking that they could continue to pursue). Thus, the teacher’s role was to promote exchanges among students (accomplished through interdependence) and influence the quality of these exchanges. The quality of exchanges was supported, in part, by not overly constraining their talk.   
One interesting aspect of this classroom is that the tasks assigned in Ms. McClure’s geometry class, and those across the department, were not goal or resource interdependent in the sense that Cohen (Cohen & Lotan, 1997) often intends whereby any one student does not have all the information needed or all the resources needed to complete a task. Although a large number of tasks lent themselves to multiple solution methods and were likely to draw on the resources of various group members, the task itself did not demand interdependence. These geometry tasks were implemented, however, so that goal interdependence was a feature. The defined goal of the task was for all group members to understand. Thus, completing the problem was not enough (regardless of the problem’s inherent qualities). To complete the task, all members of the group needed to understand the material and be able to explain the group’s response to any problem. If the goal is for all group members to understand, no one group member can accomplish his/her task without the other group members.
This case provides an important example of teaching in a heterogeneous mathematics class, and begins to unpack the role of the teacher in supporting productive student-student interactions with respect to matheamtics. Further research is needed to better understand other aspects of the teacher’s role, for example, how the teacher might directly promote more equal participation among group members and the development of the group norms over time. In addition, although achievement and student attitude data were collected from this school and demonstrated significantly more positive results than at other comparison schools, future studies might collect such data directly on the class under study to provide further insights into the relationship between students’ participation and outcomes.  
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� One potential drawback of this system is that students might not put in a full effort if there is a wide range of acceptable work products, particularly on tasks where there were multiple smaller problems. Ms. McClure addressed this through classwork points. At the end of the class period, students put their work in a folder and were given points for their efforts and completion of the work. It generally did not matter if students had gotten to, say #6 or #10, provided they had been engaged and working during the lesson. Ms. McClure would award them full credit for classroom. However, if she determined that they had not been putting in a reasonable effort, she would deduct points from their classwork mark.
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